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Abstract
Let π be an order-q-subplane of PG(2, q3) that is exterior to ℓ∞. The exterior
splash of π is the set of q2 + q + 1 points on ℓ∞ that lie on an extended line of π.
Exterior splashes are projectively equivalent to scattered linear sets of rank 3, covers
of the circle geometry CG(3, q), and hyper-reguli of PG(5, q). In this article we
use the Bruck-Bose representation in PG(6, q) to give a geometric characterisation
of special conics of π in terms of the covers of the exterior splash of π. We also
investigate properties of order-q-subplanes with a common exterior splash, and study
the intersection of two exterior splashes.
1 Introduction
Let π be a subplane of PG(2, q3) of order q that is exterior to ℓ∞. We call π an exterior
order-q-subplane of PG(2, q3). The lines of π meet ℓ∞ in a set S of size q
2 + q + 1, called
the exterior splash of π on ℓ∞. The exterior splash turns out to be a set rich in geometric
structure. In particular, [7] showed that the sets of points in an exterior splash has arisen
in many different situations, namely scattered linear sets of rank 3, Sherk surfaces of
size q2 + q + 1, covers of the circle geometry CG(3, q), and so hyper-reguli in PG(5, q).
Properties of the exterior splash in the Bruck-Bose representation in PG(6, q) are studied
in [8]. This current article continues this study, and furthers the investigation into the
interplay between an exterior order-q-subplane in PG(2, q3), and its associated exterior
splash.
This article proceeds as follows. In Section 2 we introduce the notation we use for the
Bruck-Bose representation of PG(2, q3) in PG(6, q), and give the background on exterior
splashes needed to understand the results of this article. Section 3 looks at the Bruck-Bose
representation of a class of special conics in an exterior order-q-subplane of PG(2, q3). In
particular, Section 3.2 contains the main characterisation of this article. We show that the
(π, ℓ∞)-special conics in an exterior order-q-subplane π of PG(2, q
3) correspond exactly
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to the X-special twisted cubics in PG(6, q), where X is a cover of an exterior splash. We
then explore some of the fundamental geometric differences between the two covers of
an exterior splash with respect to an associated order-q-subplane. Section 4 investigates
order-q-subplanes with a common splash, and Section 5 looks at the intersection of two
exterior splashes.
2 Background results
2.1 The Bruck-Bose representation of PG(2, q3) in PG(6, q)
Here we introduce the notation we will use for the Bruck-Bose representation of PG(2, q3)
in PG(6, q). We work with the finite field Fq = GF(q), and let F
′
q = Fq\{0}. A 2-spread
of PG(5, q) is a set of q3 + 1 planes that partition PG(5, q). A 2-regulus of PG(5, q) is a
set of q + 1 mutually disjoint planes π1, . . . , πq+1 with the property that if a line meets
three of the planes, then it meets all q + 1 of them. A 2-regulus R has a set of q2 + q + 1
mutually disjoint ruling lines that meet every plane of R. A 2-spread S is regular if for
any three planes in S, the 2-regulus containing them is contained in S. See [18] for more
information on 2-spreads.
The following construction of a regular 2-spread of PG(5, q) will be needed. Embed
PG(5, q) in PG(5, q3) and let g be a line of PG(5, q3) disjoint from PG(5, q). Let gq, gq
2
be the conjugate lines of g; both of these are disjoint from PG(5, q). Let Pi be a point on
g; then the plane 〈Pi, P
q
i , P
q2
i 〉 meets PG(5, q) in a plane. As Pi ranges over all the points
of g, we get q3+1 planes of PG(5, q) that partition PG(5, q). These planes form a regular
2-spread S of PG(5, q). The lines g, gq, gq
2
are called the (conjugate skew) transversal
lines of the 2-spread S. Conversely, given a regular 2-spread in PG(5, q), there is a unique
set of three (conjugate skew) transversal lines in PG(5, q3) that generate S in this way.
We will use the linear representation of a finite translation plane P of dimension at most
three over its kernel, due independently to Andre´ [1] and Bruck and Bose [13, 14]. Let Σ∞
be a hyperplane of PG(6, q) and let S be a 2-spread of Σ∞. We use the phrase a subspace
of PG(6, q)\Σ∞ to mean a subspace of PG(6, q) that is not contained in Σ∞. Consider the
following incidence structure: the points of A(S) are the points of PG(6, q)\Σ∞; the lines
of A(S) are the 3-spaces of PG(6, q)\Σ∞ that contain an element of S; and incidence in
A(S) is induced by incidence in PG(6, q). Then the incidence structure A(S) is an affine
plane of order q3. We can complete A(S) to a projective plane P(S); the points on the
line at infinity ℓ∞ have a natural correspondence to the elements of the 2-spread S. The
projective plane P(S) is the Desarguesian plane PG(2, q3) if and only if S is a regular
2-spread of Σ∞ ∼= PG(5, q) (see [10]). For the remainder of the article, we use S to denote
a regular 2-spread of Σ∞ ∼= PG(5, q).
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We use the following notation. If T is a point of ℓ∞ in PG(2, q
3), we use [T ] to refer to the
plane of S corresponding to T . More generally, if X is a set of points of PG(2, q3), then we
let [X ] denote the corresponding set in PG(6, q). If P is an affine point of PG(2, q3), we
generally simplify the notation and also use P to refer to the corresponding affine point
in PG(6, q), although in some cases, to avoid confusion, we use [P ].
When S is a regular 2-spread, we can relate the coordinates of P(S) ∼= PG(2, q3) and
PG(6, q) as follows. Let τ be a primitive element in Fq3 with primitive polynomial x
3 −
t2x
2− t1x− t0. Then every element α ∈ Fq3 can be uniquely written as α = a0+a1τ+a2τ
2
with a0, a1, a2 ∈ Fq. Points in PG(2, q3) have homogeneous coordinates (x, y, z) with
x, y, z ∈ Fq3 . Let the line at infinity ℓ∞ have equation z = 0; so the affine points of
PG(2, q3) have coordinates (x, y, 1). Points in PG(6, q) have homogeneous coordinates
(x0, x1, x2, y0, y1, y2, z) with x0, x1, x2, y0, y1, y2, z ∈ Fq. Let Σ∞ have equation z = 0.
Let P = (α, β, 1) be a point of PG(2, q3). We can write α = a0 + a1τ + a2τ
2 and
β = b0+ b1τ + b2τ
2 with a0, a1, a2, b0, b1, b2 ∈ Fq. We want to map the element α of Fq3 to
the vector (a0, a1, a2), and we use the following notation to do this:
[α] = (a0, a1, a2).
This gives us some notation for the Bruck-Bose map, denoted ǫ, from an affine point
P = (α, β, 1) ∈ PG(2, q3)\ℓ∞ to the corresponding affine point [P ] ∈ PG(6, q)\Σ∞,
namely ǫ(α, β, 1) = [(α, β, 1)] = ([α], [β], 1) = (a0, a1, a2, b0, b1, b2, 1). More generally, if
z ∈ Fq, then ǫ(α, β, z) = ([α], [β], z) = (a0, a1, a2, b0, b1, b2, z).
Consider the case when z = 0, a point on ℓ∞ in PG(2, q
3) has coordinates L = (α, β, 0)
for some α, β ∈ Fq3 . In PG(6, q), the point ǫ(α, β, 0) = ([α], [β], 0) is one point in the
spread element [L] corresponding to L. Moreover, the spread element [L] consists of all
the points {([αx], [βx], 0) : x ∈ F′
q3
}.
2.2 Introducing exterior splashes
This article relies heavily on properties of exterior splashes proved in [7, 8]. In this section
we detail the most important definitions and results that are needed in this article. We
begin with the important result that all exterior splashes are projectively equivalent.
Theorem 2.1 [7] Consider the collineation group G = PGL(3, q3) acting on PG(2, q3).
The subgroup Gℓ fixing a line ℓ is transitive on the order-q-subplanes that are exterior to
ℓ, and is transitive on the exterior splashes of ℓ.
This theorem says that if we want to prove a result about exterior order-q-subplanes, or
about exterior splashes, then we can without loss of generality prove it for a particular
order-q-subplane. In [8], an order-q-subplane B which is exterior to ℓ∞ is coordinatised,
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and B is used in many of the proofs in this article. The main points of this coordinatisation
are as follows.
Theorem 2.2 [8] Let σ be the homography of PG(2, q3) with matrix
K =


−τ 1 0
−τ q 1 0
ττ q −τ − τ q 1

 .
Then σ maps the order-q-subplane π0 = PG(2, q) with exterior line ℓ = [−ττ q , τ q + τ,−1]
to an order-q-subplane B = σ(π0) with exterior line ℓ∞ = σ(ℓ) = [0, 0, 1]. Further, B has
exterior splash S = {(k, 1, 0) : k ∈ Fq3, k
q2+q+1 = 1} ≡ {(τ (q−1)i, 1, 0) : 0 ≤ i < q2 + q + 1}
and carriers E1 = (1, 0, 0) and E2 = (0, 1, 0).
We will also need the following result about exterior order-q-subplanes which have a
common exterior splash and a common order-q-subline.
Theorem 2.3 [7] In PG(2, q3), let S be an exterior splash of ℓ∞, let ℓ be a line through
a point of S, and let b an order-q-subline of ℓ exterior to ℓ∞. Then there are exactly two
order-q-subplanes that contain b and have exterior splash S.
We now consider an exterior splash S of ℓ∞ in PG(2, q
3), and look at it in the Bruck-Bose
representation in PG(6, q). The set of q2 + q + 1 points S ⊂ ℓ∞ corresponds to a set of
q2+ q+1 planes (which we also denote by S) of the regular 2-spread S in Σ∞ ∼= PG(5, q).
As an exterior splash is equivalent to a cover of the circle geometry CG(3, q), by [12], S has
two switching sets denoted X,Y, each containing q2 + q + 1 planes of Σ∞. The three sets
S,X,Y are called hyper-reguli in [21]: each set covers the same set of points; two planes
in the same set are disjoint; while two planes from different sets meet in a unique point.
Note that in [9], we show that the only planes which meet every plane of S in a point are
those in X and Y, so in particular, S has exactly two covers. In this article we call X and
Y covers of the exterior splash S. If π is an exterior order-q-subplane of PG(2, q3) with
exterior splash S, then the two covers have different properties with respect to π. One
cover is denoted T and is called the tangent cover of π (or the tangent cover of S with
respect to π). The name follows from [8, Theorem 5.3] which shows that the planes of T
are related to the tangent planes of [π]. The other cover is denoted C and is called the
conic cover of π, it is related to certain conics of π, see Theorem 3.3. In Section 3 we
discuss some of the fundamental differences in the geometry of the two covers in relation
to the order-q-subplane π.
In [8], we show that in the cubic extension PG(5, q3) of Σ∞ ∼= PG(5, q), each set S,T,C has
a unique triple of conjugate transversal lines. That is, the lines gS, g
q
S
, gq
2
S
of PG(5, q3)\PG(5, q)
meet every extended plane of S, and these are the only lines of PG(5, q3) which meet every
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extended plane of S (in fact, these are the three transversal lines of the regular 2-spread
S). Similarly, there are exactly three lines gT, g
q
T
, gq
2
T
of PG(5, q3)\PG(5, q) that meet ev-
ery extended plane of the cover T; and exactly three lines gC, g
q
C
, gq
2
C
of PG(5, q3)\PG(5, q)
that meet every extended plane of the cover C.
We define the notion of X-special conics/twisted cubics in PG(6, q). In this article, this
definition is used when X is the regular 2-spread S, or an exterior splash S, or one of the
covers T or C of an exterior splash.
Definition 2.4 1. An X-special conic is a non-degenerate conic C contained in a plane
of X, such that the extension of C to PG(6, q3) meets the three transversal lines of
X.
2. An X-special twisted cubic is a twisted cubic N in a 3-space of PG(6, q)\Σ∞ about
a plane of X, such that the extension of N to PG(6, q3) meets the three transversal
lines of X.
Note that an X-special twisted cubic has no points in Σ∞. Finally, we need the following
result from [4] which describes the representation of certain order-q-sublines of PG(2, q3)
in the Bruck-Bose representation in PG(6, q).
Theorem 2.5 1. Order-q-sublines contained in ℓ∞ in PG(2, q
3) correspond exactly to
2-reguli of S in PG(6, q).
2. Order-q-sublines exterior to ℓ∞ in PG(2, q
3) correspond exactly to S-special twisted
cubics in PG(6, q).
3 Special conics of an exterior subplane
The main result of this section is to show that a certain type of conic in an exterior
order-q-subplane in PG(2, q3) corresponds exactly to C-special twisted cubics in PG(6, q).
We first introduce the idea in PG(2, q3) of a special conic in an exterior order-q-subplane.
3.1 Special conics
We are interested in a particular class of conics in an exterior order-q-subplane in PG(2, q3)
which have a nice geometric representation in PG(6, q). We define these special conics as
follows. Note first that we can generalise the notion of an exterior splash on ℓ∞ to define
the exterior splash S of an order-q-subplane π onto any exterior line ℓ: S is the set of
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q2 + q + 1 points on ℓ that lie on an extended line of π. An important collineation group
acting on PG(2, q3) is I = PGL(3, q3)π,ℓ which fixes an order-q-subplane π, and a line ℓ
exterior to π. By [7, Theorem 2.2], I fixes exactly three lines, namely ℓ and its conjugates
m, n with respect to π. Further I fixes exactly three points: E1 = ℓ ∩ m, E2 = ℓ ∩ n,
E3 = m ∩ n, which are conjugate with respect to π. Note that if π0 = PG(2, q), then
I = PGL(3, q3)π0,ℓ fixes the three exterior lines ℓ, ℓ
q, ℓq
2
and the three points E = ℓ ∩ ℓq
2
,
Eq, Eq
2
.
The group I = PGL(3, q3)π,ℓ identifies two special points E1 = ℓ ∩ m, E2 = ℓ ∩ n on ℓ
which are called the carriers of the exterior splash S of π onto ℓ. This is consistent with
the definition of carriers of a circle geometry CG(3, q), see [7, Theorem 4.2]. The fixed
points and fixed lines of I are used to define an important class of conics in π.
Definition 3.1 A (π, ℓ)-special conic of an order-q-subplane π (with exterior line ℓ) is
a conic of π whose extension to PG(2, q3) contains the three fixed points E1, E2, E3 of
I = PGL(3, q3)π,ℓ.
It is straightforward to show that a (π, ℓ)-special conic is irreducible. We note that
the incidence structure with points the points of an exterior order-q-subplane π, lines
the (π, ℓ∞)-special conics of π, and natural incidence is isomorphic to PG(2, q). This
observation is useful when counting special conics in this article. We also note that the
set of q2 + q + 1 (π, ℓ∞)-special conics of π form a circumscribed bundle of conics in the
sense of [3].
In the case when q is even, the set of special conics in an exterior order-q-subplane has
some interesting properties relating to the nuclei. We look at the structure of the set of
(π, ℓ∞)-special conics through a fixed point P in π.
Theorem 3.2 Let π be an exterior order-q-subplane of PG(2, q3), q even. Let P be a
point of π, let C0, . . . , Cq be the (π, ℓ∞)-special conics of π through P , and let Nk be the
nucleus of Ck. Then the points N0, . . . , Nq are distinct, and lie on a line nP not through
P , called the nucleus line of P . Further, every line of π is the nucleus line for a distinct
point of π.
Proof By Theorem 2.1 and [7, Theorem 2.2], we can without loss of generality prove
this for the order-q-subplane π0 = PG(2, q) exterior to the line ℓ = [−ττ q , τ q+ τ,−1], and
the point P = (0, 0, 1) ∈ π0. The fixed lines of I = PGL(3, q3)π0,ℓ are ℓ, ℓ
q, ℓq
2
, and the
fixed points of I are E = ℓ ∩ ℓq
2
= (1, τ, τ 2), Eq = ℓq ∩ ℓ and Eq
2
= ℓq
2
∩ ℓ. The conics
C0 : y
2−xz = 0 and C∞ : − t0x
2 + yz− t2xz− t1xy = 0 are conics of π0 which contain the
four points P , E, Eq and Eq
2
, so they are (π0, ℓ)-special conics containing P . Hence the
conics in the pencil {Ck = C0 + kC∞ : k ∈ Fq ∪ {∞}} are the q+1 (π0, ℓ)-special conics of
π0 containing P . The nucleus of conic Ck is Nk = (k, 1−kt2,−kt1), k ∈ Fq ∪{∞}. So the
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nuclei are distinct for distinct k, and all lie on the line nP = [t1, 0, 1], a line not through
P .
Let P,Q be two points of π0 with nucleus lines nP , nQ respectively. We show that nP , nQ
are distinct. Let N ∈ nP ∩ nQ. There is a unique (π0, ℓ)-special conic C with nucleus N .
As N ∈ nP , C contains P , and as N ∈ nQ, C contains Q. So C is the unique (π0, ℓ)-special
conic through P and Q. Hence there can only be one point in the intersection nP ∩nQ, so
the lines nP , nQ are distinct. Hence each line of π0 is the nucleus line for a distinct point
of π0. 
A consequence of this theorem is that there is a bijection between lines of an order-q-
subplane π and (π, ℓ)-special conics of π as follows. Firstly, there is a bijection mapping
a point P ∈ π to the unique (π, ℓ)-special conic of π with nucleus P . Then Theorem 3.2
gives a bijection mapping a point P ∈ π to its nucleus line nP .
3.2 Special conics are special twisted cubics
Let S be an exterior splash of PG(6, q) with covers C and T, so S is contained in the
regular 2-spread S. In Definition 2.4 we defined the notion of S-, S-, C- and T-special
twisted cubics. We consider the representation of each of these special twisted cubics in
PG(2, q3).
We can characterise S-special and S-special twisted cubics as follows. By Theorem 2.5,
a twisted cubic N of PG(6, q) corresponds to an exterior order-q-subline of PG(2, q3) if
and only if N is an S-special twisted cubic. Hence if π is an exterior order-q-subplane of
PG(2, q3) with exterior splash S, then the order-q-sublines of π are precisely the S-special
twisted cubics in PG(6, q).
In this section, we characterise C- and T-special twisted cubics, and show they correspond
precisely to special conics of some exterior order-q-subplane of PG(2, q3). The argument
proving this proceeds as follows. In Theorem 3.3, we show that a (π, ℓ∞)-special conic
C in an exterior order-q-subplane π of PG(2, q3) corresponds to a twisted cubic [C] in
PG(6, q). Moreover, the 3-space containing [C] contains a unique plane of the cover C
(this is why we named C the ‘conic cover’). Theorem 3.5 shows that the twisted cubic
[C] is C-special. Theorem 3.6 proves the converse, that each C-special twisted cubic of
PG(6, q) corresponds to a (π′, ℓ∞)-special conic in some exterior order-q-subplane π
′ of
PG(2, q3). Note also that Corollary 3.8 shows that a non-special conic of π corresponds
to a 6-dimensional normal rational curve of PG(6, q). Finally, Corollary 3.9 shows that
every T-special twisted cubic meets π in at most three points, but corresponds to a special
conic in some other exterior order-q-subplane of PG(2, q3).
Theorem 3.3 Let C be a (π, ℓ∞)-special conic in an exterior order-q-subplane π of PG(2, q3).
Then in PG(6, q), C corresponds to a twisted cubic [C], and the 3-space containing [C] meets
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Σ∞ in a plane of the conic cover C of π.
Proof By Theorem 2.1, we can without loss of generality prove this for the order-q-
subplane B coordinatised in Theorem 2.2. Further, by [7, Theorem 6.1], we can without
loss of generality prove it for any (B, ℓ∞)-special conic in B. In PG(2, q
3), consider the
order-q-subplane π0 = PG(2, q) with exterior line ℓ = [−ττ q , τ q + τ,−1], and let C′ be
the conic in π0 of equation y
2 = zx. By [7, Lemma 2.4], the exterior splash of π0 onto
ℓ has carriers E = (1, τ, τ 2) and Eq. These both lie on the extension of C′ to PG(2, q3),
as does Eq
2
, hence C′ is a (π0, ℓ)-special conic of π0. By Theorem 2.2, the homography σ
with matrix K maps π0, ℓ to B, ℓ∞ respectively. Further, C = σ(C′) is a (B, ℓ∞)-special
conic in B. The points of C′ are (1, θ, θ2), θ ∈ Fq ∪{∞}, so C has points Pθ = K(1, θ, θ
2)t,
θ ∈ Fq ∪ {∞}. Now P∞ = (0, 0, 1), and for θ ∈ Fq, we have
Pθ =
(
− τ + θ, −τ q + θ, ττ q − θ(τ q + τ) + θ2
)
≡
(
− (θ − τ)(θ − τ q
2
), −(θ − τ q)(θ − τ q
2
), (θ − τ)(θ − τ q)(θ − τ q
2
)
)
.
Note that the first two coordinates are polynomials in θ of degree 2, and the third co-
ordinate is a polynomial in θ of degree 3. We write Pθ = (G(θ)
q, G(θ), f(θ)) where
G(θ) = −(θ − τ q)(θ − τ q
2
) is a polynomial over Fq3 and f(θ) = (θ − τ)
q2+q+1 is a poly-
nomial over Fq. For θ ∈ Fq, the third coordinate f(θ) is an element of Fq, hence the
corresponding point in PG(6, q) is Pθ = ([G(θ)
q], [G(θ)], f(θ)). As each coordinate of Pθ
is a polynomial in θ of degree at most three, and the coordinates have no common factors
over Fq, the set of points [C] = {Pθ: θ ∈ Fq}∪{P∞ = (0, 0, 1)} is a rational curve of order
three in PG(6, q).
We show that [C] is normal in a 3-space by considering the projection of [C] onto Σ∞
from the point P∞. Straightforward calculations show that the point Qθ = P∞Pθ ∩ Σ∞
has coordinates Qθ = ([G(θ)
q], [(G(θ)q)q
2
], 0). By [8, Lemma 5.1], one of the planes
of the conic cover C of B is [C1] = {([x], [xq
2
], 0) : x ∈ F′
q3
}. So the point Qθ lies
in the cover plane [C1] for all θ ∈ Fq. We use the identities τ q + τ q
2
= t2 − τ and
τ qτ q
2
= τ 2 − t2τ − t1 to simplify G(θ) to G(θ) = (−θ2 + t2θ + t1) + (−θ + t2)τ − τ 2. So
[G(θ)] = θ2(−1, 0, 0) + θ(t2,−1, 0) + (t1, t2,−1). Hence the points Qθ, θ ∈ Fq, lie on an
irreducible conic in [C1]. Hence the points of [C] span the 3-space 〈P∞, [C1]〉, and so the
conic C corresponds to a twisted cubic [C] in a 3-space that meets Σ∞ in a plane of C. 
Corollary 3.4 Let π be an exterior order-q-subplane of PG(2, q3) with conic cover C.
Distinct (π, ℓ∞)-special conics in π correspond to twisted cubics lying in 3-spaces through
distinct planes of C.
Proof By [7, Theorem 6.1], the singer cycle I = PGL(3, q3)B,ℓ∞ acts regularly on the
(B, ℓ∞)-special conics of B. Further, by [8, Lemma 5.2], in PG(6, q), [I] is a singer cycle
that acts regularly on the cover planes of C. There are q2 + q + 1 planes in C, and by
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[7], there are q2 + q + 1 (π, ℓ∞)-special conics in π. Hence every (π, ℓ∞)-special conic
corresponds to a twisted cubic that lies in a 3-space about a distinct plane of the conic
cover C. 
We now show that the twisted cubics of PG(6, q) corresponding to (π, ℓ)-special conics
of π in PG(2, q3) are C-special twisted cubics. That is, in the cubic extension PG(6, q3),
they meet the transversals gC, g
q
C
, gq
2
C
of the conic cover C of π.
Theorem 3.5 Let π be an exterior order-q-subplane of PG(2, q3) with conic cover C. A
(π, ℓ∞)-special conic of π corresponds in PG(6, q) to a C-special twisted cubic.
Proof As in the proof of Theorem 3.3, we can without loss of generality prove this for the
order-q-subplane B coordinatised in Theorem 2.2, and the (B, ℓ∞)-special conic C = σ(C′)
in B. We continue our calculations from the end of proof of Theorem 3.3, using the same
notation. That is, let G(θ) = −(θ − τ q)(θ − τ q
2
), f(θ) = (θ − τ)(θ − τ q)(θ − τ q
2
) and
Pθ = ([G(θ)
q], [G(θ)], f(θ)). Then the set [C] = {Pθ : θ ∈ Fq ∪ {∞}} is a twisted cubic
which we denote by N = [C]. We can uniquely write G(θ) = g0(θ) + g1(θ)τ + g2(θ)τ 2
and G(θ)q = h0(θ) + h1(θ)τ + h2(θ)τ
2 where gi(θ), hi(θ), i = 0, 1, 2, are polynomials over
Fq. As f(θ) is a polynomial over Fq, the extension N ∗ of N to PG(6, q3) has points
Pθ = (h0(θ), h1(θ), h2(θ), g0(θ), g1(θ), g2(θ), f(θ)), for θ ∈ Fq3 ∪ {∞}. As f(θ) has zeros
τ, τ q, τ q
2
, N ∗ meets Σ∞ in the points Pτ , Pτq and Pτq2 .
By the proof of Theorem 3.3, the 3-space containing N meets Σ∞ in the cover plane [C1]
of C. We recall [8, Theorem 6.3] which shows that the transversal line gC = 〈A1, A
q
2〉
of C meets the (extended) cover plane [C1] in the point A1 + η
1−qAq2, where A1 =
(p0, p1, p2, 0, 0, 0, 0), A2 = (0, 0, 0, p0, p1, p2, 0), p0 = t1+ t2τ − τ 2, p1 = t2− τ , p2 = −1 and
η = p0+ p1τ + p2τ
2. We will show that the point Pτq lies on the transversal gC. As in the
proof of Theorem 3.3, on simplifying, we have G(θ) = (−θ2+ t2θ+ t1)+(−θ+ t2)τ−τ 2, so
g0(θ) = −θ2+t2θ+t1, g1(θ) = −θ+t2 and g2(θ) = −1. Letting A = (p0, p1, p2), and noting
that g0(τ
q) = pq0, g1(τ
q) = pq1, g2(τ
q) = pq2, we have A
q
2 = (0, 0, 0, g0(τ
q), g1(τ
q), g2(τ
q), 0) =
([0], Aq, 0). Thus Pτ = ([(A
q)q], Aq, 0). It follows from [8, Equation (8)] that
(Aq)q = ηq−1A. Hence Pτ = (η
q−1A,Aq, 0) = ηq−1A1 + A
q
2 ≡ A1 + η
1−qAq2. Hence
Pτq = gC ∩ [C1]∗ = gC ∩N ∗. Similarly, N ∗ meets the transversals g
q
C
, gq
2
C
, and so N = [C]
is a C-special twisted cubic. 
The converse of this result also holds. That is, a C-special twisted cubic corresponds to
a special conic in some exterior order-q-subplane with conic cover C.
Theorem 3.6 Let S be an exterior splash in PG(6, q), q ≥ 3, let X be one cover of S,
and let [N ] be an X-special twisted cubic. Then in PG(2, q3), there is a unique exterior
order-q-subplane π that contains N . Further, π has exterior splash S, conic cover X, and
N is a (π, ℓ∞)-special conic of π.
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Proof Fix an exterior splash S. Let π be any exterior order-q-subplane of PG(2, q3)
with exterior splash S and conic cover C, and let C be a (π, ℓ∞)-special conic in π. By
Theorem 3.5, in PG(6, q), C corresponds to a C-special twisted cubic. We show that the
converse is true by counting the two sets and showing they have the same size. Let x
be the number of pairs (C, π) where π is an exterior order-q-subplane of PG(2, q3) with
the given exterior splash S, and C is a (π, ℓ∞)-special conic of π. In PG(6, q), let X be a
cover of the given exterior splash S, and let y be the number of X-special twisted cubics.
Note that for any set N of q + 1 affine points of PG(2, q3), if [N ] is an X-special twisted
cubic of PG(6, q), then N contains a quadrangle, so N lies in at most one exterior order-
q-subplane. Further, if N does lie in an order-q-subplane with exterior splash S, then by
Theorem 3.5, N may be a (π, ℓ∞)-special conic of π. That is, x ≥ y with equality if and
only if every X-special twisted cubic corresponds to a (π, ℓ∞)-special conic in an exterior
order-q-subplane π with exterior splash S.
We first count x. By [7, Theorem 4.5], there are 2q6(q3 − 1) exterior order-q-subplanes
with the fixed exterior splash S. Further, an exterior order-q-subplane contains q2+ q+1
special conics. Hence x = 2q6(q3 − 1)(q2 + q + 1). Now we count y. Note that for each
cover X of S, an X-special twisted cubic lies in a 3-space that meets Σ∞ in a plane α of the
cover X. There are 2(q2 + q + 1) choices for a cover plane α, q3 3-spaces of PG(6, q)\Σ∞
through α, and by [5, Lemma 2.5] there are q3(q3 − 1) X-special twisted cubics in such
a 3-space. Hence y = 2(q2 + q + 1)q6(q3 − 1). Thus x = y, hence each X-special twisted
cubic [N ] (in a 3-space that meets Σ∞ in a cover plane of X) corresponds to a set of points
N in PG(2, q3) that lie in a unique exterior order-q-subplane π with exterior splash S.
Further, N is a (π, ℓ∞)-special conic in π, and so by Theorem 3.5, X is the conic cover of
π. 
We now consider a non-special conic of the exterior order-q-subplane π, we will show that
it corresponds to a 6-dimensional normal rational curve in PG(6, q). First we show that
all conics of π correspond to 6- or 3-dimensional normal rational curves of PG(6, q).
Lemma 3.7 Let C be an irreducible conic of an exterior order-q-subplane π. In PG(6, q),
[C] is either a 6-dimensional normal rational curve or a twisted cubic.
Proof By Theorem 2.1, we can without loss of generality prove this for the order-q-
subplane B coordinatised in Theorem 2.2. We first calculate the equation of a general
irreducible conic C′ in π0 = PG(2, q), then use the homography σ from Theorem 2.2 to
map it to a general irreducible conic C in B. Let C′ be the image of the conic C′′ =
{(1, θ, θ2) : θ ∈ Fq ∪ {∞}} ⊂ π0 under a homography of PG(2, q) with matrix A = (aij).
The point (1, θ, θ2) ∈ C′′ is mapped to the point (f0(θ), f1(θ), f2(θ)) ∈ C′, for θ ∈ Fq∪{∞},
where f0(θ) = a00 + a01θ + a02θ
2, f1(θ) = a10 + a11θ + a12θ
2, f2(θ) = a20 + a21θ + a22θ
2,
are polynomials over Fq. Under the homography σ with matrix K of Theorem 2.2, this
is mapped to a general irreducible conic C of B with points
Fθ =
(
− f0(θ)τ + f1(θ), −f0(θ)τ
q + f1(θ), f0(θ)ττ
q − f1(θ)(τ + τ
q) + f2(θ)
)
, (1)
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θ ∈ Fq ∪ {∞}. We write this as Fθ = (g0(θ), g1(θ), g2(θ)). Multiply all the coordinates
of Fθ by g2(θ)
q2+q, so Fθ ≡ (g0(θ)g2(θ)q
2+q, g1(θ)g2(θ)
q2+q, g2(θ)
q2+q+1), and now the last
coordinate lies in Fq. So in PG(6, q),
[C] =
{
Fθ ≡
(
[g0(θ)g2(θ)
q2+q], [g1(θ)g2(θ)
q2+q], g2(θ)
q2+q+1
)
: θ ∈ Fq ∪ {∞}
}
.
Note that g0(θ), g1(θ), g2(θ) have degree at most two in θ, and so g2(θ)
q2+q = g2(θ)
q2g2(θ)
q
has degree at most four in θ. Hence each coordinate of the points Fθ of [C] is a polynomial
in θ of degree at most six. Thus [C] is a rational curve in PG(6, q) of order at most 6. We
want to show that [C] is normal in either 6-space, or in a 3-space.
We begin by showing that g2(θ) = f0(θ)ττ
q − f1(θ)(τ + τ q) + f2(θ) has degree two in θ.
Expanding gives g2(θ) = (a00ττ
q−a10(τ+τ q)+a20)+(a01ττ q−a11(τ+τ q)+a21)θ+(a02ττ q−
a12(τ + τ
q)+a22)θ
2. If g2(θ) is of degree less than two, then a02ττ
q−a12(τ + τ q)+a22 = 0.
Hence a02 = a12 = a22 = 0 (since 1, ττ
q, τ + τ q are linearly independent over GF(q))
contradicting |A| 6= 0. Thus g2(θ) is a polynomial of degree two in θ over Fq3 .
Further, if g2(θ) was reducible over Fq, then let k ∈ Fq be a root. Then the point Fk lies
in ℓ∞ and lies in the conic C of B, contradicting B being a subplane exterior to ℓ∞. Hence
g2(θ) is irreducible over Fq.
Suppose that g2(θ) is irreducible over Fq3 . Then g0(θ), g1(θ), g2(θ) have no common factors
over Fq. Hence the set of points [C] is a normal rational curve of order six in PG(6, q),
which is the first possibility in the theorem.
Now suppose g2(θ) is reducible over Fq3 , so g2(θ) has roots δ, η ∈ Fq3\Fq. So g2(θ)
q2+q+1 =
r(θ) × s(θ) where r(θ) is an irreducible cubic over Fq, with roots δ, δq, δq
2
over Fq3, and
s(θ) is an irreducible cubic over Fq with roots η, η
q, ηq
2
in Fq3 . If neither r(θ) nor s(θ) is a
factor of both g0(θ)g2(θ)
qg2(θ)
q2 and g1(θ)g2(θ)
qg2(θ)
q2 , then each coordinate has degree
six in θ, and g0(θ), g1(θ) and g2(θ) have no common factors over Fq, and hence the set of
points [C] is a normal rational curve of order six in PG(6, q), again the first possibility in
the statement of the theorem.
Otherwise suppose that r(θ) say is a factor of both g0(θ)g2(θ)
qg2(θ)
q2 and g1(θ)g2(θ)
qg2(θ)
q2.
As g0(θ) is a polynomial in θ of degree one or two over Fq, the roots of g0(θ) lie in
either Fq or GF(q
2), and so cannot be a root of r(θ) or s(θ), as their roots lie in
Fq3\Fq. So if r(θ) is an irreducible (over Fq) factor of g0(θ)g2(θ)
qg2(θ)
q2, it follows
that r(θ) divides g2(θ)
qg2(θ)
q2 , which has two factors (over Fq3) of r(θ), and two fac-
tors (over Fq3) of s(θ). Hence either η = δ
q or δq
2
, and so r(θ) = cs(θ) for some
c ∈ F′q3 . Note that if η = δ
q we obtain g2(θ) = c(θ − δ)(θ − δ
q), and if η = δq
2
we
obtain g2(θ) = c(θ − δ)(θ − δq
2
). However, (c(θ − δ)(θ − δq
2
))q = cq(θ − δ)(θ − δq)
so without loss of generality, we may assume that η = δq. So in PG(2, q3), we have
Fθ ≡ (g0(θ)(θ− δq)r(θ), g1(θ)(θ− δq)r(θ), cr(θ)2) ≡ (g0(θ)(θ− δq), g1(θ)(θ− δq), cr(θ)).
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Hence in PG(6, q),
[C] =
{
Fθ =
(
[g0(θ)(θ − δ
q)], [g1(θ)(θ − δ
q)], cr(θ)
)
: θ ∈ Fq ∪ {∞}
}
. (2)
That is, the rational curve of order six reduces to a rational curve of order three, so it
lies in some 3-space. If [C] is not normal in this 3-space, then the coordinates of Fθ in (2)
have a common linear factor over Fq, a contradiction as r(θ) is irreducible over Fq. Hence
[C] is a normal rational curve in a 3-space, that is, a twisted cubic. So we have the two
possibilities in the statement of the theorem. 
As an immediate consequence of the preceding results, we have the following characteri-
sation of the conics of an exterior order-q-subplane of PG(2, q3).
Corollary 3.8 Let π be an exterior order-q-subplane of PG(2, q3) with conic cover C,
and let C be a conic of π. Then C is a (π, ℓ∞)-special conic of π if and only if in PG(6, q),
[C] is a C-special twisted cubic. Otherwise, [C] is a 6-dimensional normal rational curve
of PG(6, q).
Finally, we characterise T-special conic of PG(6, q) as follows. Let π be an exterior order-
q-subplane of PG(2, q3) with tangent cover T, and let [N ] be a T-special twisted cubic of
PG(6, q). By Theorem 3.6, there is a unique order-q-subplane π′ of PG(2, q3) that contains
the points of N , and further π′ has conic cover T. That is, N is a (π′, ℓ∞)-special conic
of π′. Also, by [7, Theorem 7.2], π and π′ meet in either an order-q-subline, or in at most
three points. In either case, N has at most three points in π. In summary, we have:
Corollary 3.9 Let π be an exterior order-q-subplane in PG(2, q3) with exterior splash S,
conic cover C and tangent cover T. A T-special twisted cubic of PG(6, q) corresponds to
a set C of q + 1 points in PG(2, q3), at most three of which lie in π. Further, C lies in a
unique exterior order-q-subplane π′, and forms a (π′, ℓ∞)-special conic in π
′.
We note that comments in Section 3.4 further support this fundamental difference in
behaviour between the two covers of S with respect to an associated exterior order-q-
subplane π.
3.3 Tangent lines to special conics in PG(6, q)
We continue our study of special conics in an exterior order-q-subplane of PG(2, q3) in this
section by looking at a relationship between tangent lines of special conics in PG(2, q3)
and tangent lines of special twisted cubics in PG(6, q). It is straightforward to show that
in an exterior order-q-subplane π, there is a unique (π, ℓ∞)-special conic C through a fixed
point P tangent to a fixed line ℓ of π through P . We show that in PG(6, q), the tangent
lines to the two special twisted cubics [C] and [ℓ] at P are the same.
Theorem 3.10 Let π be an exterior order-q-subplane, P a point of π, and ℓ a line of
π through P . Let C be the unique (π, ℓ∞)-special conic of π through P with tangent ℓ.
In PG(6, q), the unique tangent at P to the S-special twisted cubic [ℓ], and the unique
tangent at P to the C-special twisted cubic [C] are the same line.
Proof By Theorem 2.1 and [7, Theorem 2.2], we can without loss of generality prove
this for the exterior order-q-subplane B coordinatised in Theorem 2.2, and the point
P = (0, 0, 1). We begin with the order-q-subplane π0 = PG(2, q) and the exterior line
ℓ = [−ττ q , τ q + τ,−1], and calculate the coordinates of the q + 1 (π0, ℓ)-special conics Ck
(k ∈ Fq ∪ {∞}) of π0 through the point P = (0, 0, 1). We then apply the homography σ
from Theorem 2.2 to transform each conic Ck to a (B, ℓ∞)-special conic Dk of B through
the point σ(P ) = P .
By [7, Lemma 2.4], the exterior splash S of π0 on ℓ has carriers E = (1, τ, τ
2), Eq.
Consider the two conics C0 : y
2 − xz = 0 and C∞ : −t0x
2 + yz − t2xz − t1xy = 0 of
π0. They both contain the points P,E,E
q, Eq
2
, hence each conic in the pencil {Ck =
C0 + kC∞ : k ∈ Fq ∪ ∞} contains the four points P,E,Eq, Eq
2
. That is, each Ck is a
(π0, ℓ)-special conic of π0. For q both even and odd, the tangent line t
′
k at P to Ck is the
line [−1 − kt2, k, 0] = [w, 1, 0] where
w =
−kt2 − 1
k
. (3)
Further, the conic Ck consists of the points Ck,θ = (1, θ, f(θ)) for θ ∈ Fq ∪ {∞}, where
f(θ) = (−θ2+kt1θ+kt0)/(kθ−kt2−1). We now apply the homography σ of Theorem 2.2
with matrix K to map: the (π0, ℓ)-special conic Ck (with points Ck,θ) of π0 to a (B, ℓ∞)-
special conic Dk (with points Dk,θ) of B; and the tangent line t′k to Ck at P to the tangent
line tk = σ(t
′
k) to Dk at P . In PG(6, q), [tk] is an S-special twisted cubic by Theorem 2.5,
and [Dk] is a C-special twisted cubic by Theorem 3.5 (where C is the conic cover of B).
Firstly, we consider the tangent line at the point P to the S-special twisted cubic [tk], we
denote the intersection of this tangent line with Σ∞ by IP,tk . Note that points of π0 on
the line t′k distinct from P have coordinates P
′
x = (1,−w, x) for x ∈ Fq, so points of B on
the line tk distinct from P have coordinates Px = σ(P
′
x) = (−τ −w, −τ
q −w, ττ q + (τ +
τ q)w+x), for x ∈ Fq. To convert this to a coordinate in PG(6, q), we need to multiply by
an element of Fq3 so that the last coordinate lies in Fq. Let F (x) = ττ
q + (τ + τ q)m+ x
(the third coordinate in Px). As F (x) ∈ Fq3, we have F (x)
q2+q+1 ∈ Fq, so multiply the
coordinates of Px by F (x)
q2+q. So the point Px ∈ B corresponds in PG(6, q) to the point
Px with coordinates Px = ([−(τ + w)F (x)q
2+q], [−(τ q + w)F (x)q
2+q], F (x)q
2+q+1). To
calculate IP,tk , let Qx = PPx ∩ Σ∞. Now F (x)
q2+q is equal to x2 plus lower powers of
x. As P = (0, 0, 1) is Px with x = ∞, we can calculate IP,tk = Q∞ by dividing all the
coordinates by x2 and letting x→∞.
IP,tk = lim
x→∞
PPx ∩ Σ∞ = ([−τ − w], [−τ
q − w], 0) ≡ w([1], [1], 0) + ([τ ], [τ q], 0).
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Secondly, we consider the tangent line at the point P to the C-special twisted cubic
[Dk], we denote the intersection of this tangent line with Σ∞ by IP,Dk . The conic Dk
has points Dk,θ = σ(Ck,θ) = (−τ + θ, −τ q + θ, ττ q − (τ + τ q)θ + f(θ)). Let g(θ) =
ττ q − (τ + τ q)θ + f(θ) (the third coordinate), and multiply all coordinates by g(θ)q
2+q,
so that the third coordinate is now in Fq. Then in PG(6, q), [Dk] has points Dk,θ =(
[(−τ + θ)g(θ)qg(θ)q
2
], [(−τ q + θ)g(θ)qg(θ)q
2
], g(θ)g(θ)qg(θ)q
2
)
, for θ ∈ Fq ∪ {∞}. By
considering f(θ), we see that θ = (kt2 + 1)/k corresponds to the point P = (0, 0, 1).
To calculate IP,Dk , we re-parameterise the points Dk,θ so that the point P of [Dk] has
parameter∞. Replace the parameter θ ∈ Fq∪{∞} by the parameter r ∈ Fq∪{∞} where
θ = 1/r+(kt2+1)/k = 1/r−w with w as in (3) (equivalently, r = 1/(θ+w)). Using the
parameter r, the twisted cubic [Dk] has points we denote by Dk,r, r ∈ Fq ∪ {∞}, and we
have P is the point Dk,∞. For a fixed k, the line joining P = Dk,∞ to Dk,r meets Σ∞ in a
point denoted Ar, r ∈ Fq. We let r →∞ to find the point IP,Dk = A∞. As we will only be
interested in the coordinates for Dk,r in the case when r →∞, we look at the coordinates
of Dk,r as polynomials in r, and only calculate the highest powers of r. We can write
g(θ) = ar + µ + ν/r, where a = w2/k − t1w + t0 ∈ Fq, and µ, ν ∈ Fq3 . Then the first
coordinate of Dk,r is −(τ +w)a2r2 plus lower powers of r. The second coordinate of Dk,r
is −(τ q + w)a2r2 plus lower powers of r. The third coordinate of Dk,r is a
3r3 plus lower
powers of r. Thus IP,Dk = limr→∞ PDk,r ∩ Σ∞ = ([−(τ + w) a
2], [−(τ q + w)a2] , 0) ≡
([τ ], [τ q], 0)+w([1], [1], 0), as a ∈ Fq. This is the same as the point IP,tk calculated above,
hence the two tangent lines in PG(6, q) through P are equal. 
3.4 Consequences of the special conic representation
The results of Section 3.2 about the representation in PG(6, q) of (π, ℓ∞)-special conics
of an exterior order-q-subplane π have two interesting applications. Firstly, we consider
the structure of an exterior order-q-subplane π in PG(6, q). We showed in [8, Theorem
4.1] that [π] is the intersection of nine quadrics. We show in Theorem 3.11 that each of
these nine quadrics contains the transversal lines of both the exterior splash S and the
conic cover C of π. Secondly, in Theorem 3.12, we consider applications to replacement
sets of PG(5, q).
Theorem 3.11 Let π be an exterior order-q-subplane of PG(2, q3) with exterior splash
S and conic cover C. Then in the cubic extension PG(6, q3), the nine quadrics that
determine [π] each contain the transversal lines gS, g
q
S
, gq
2
S
, gC, g
q
C
, gq
2
C
of S and C.
Proof By Theorem 2.5, the q2+q+1 lines of π correspond to q2+q+1 S-special twisted
cubics in [π], each lying in a 3-space through a distinct plane of S. So in PG(6, q3), each
of the nine quadrics defining [π] contains q2 + q + 1 points on gS. As q
2 + q + 1 > 3,
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each of these nine quadrics contains the transversal line gS, and hence also contains its
conjugates gq
S
, gq
2
S
.
Next we consider the q2 + q + 1 (π, ℓ∞)-special conics in π. By Theorem 3.5 and Corol-
lary 3.4, these correspond to q2 + q + 1 C-special conics, each containing a distinct point
of gC. As q
2+ q+1 > 3, each of the nine quadrics containing [π] contain gC and similarly
contain gq
C
and gq
2
C
. 
We conjecture that none of the nine quadrics defining [π] contain the transversal lines
gT, g
q
T
, gq
2
T
of the tangent cover T, but a geometric proof eludes us.
Recall that in PG(6, q), S is a regular 2-spread, and the Bruck-Bose plane associated
with S is denoted P(S) ∼= PG(2, q3). Let π be an exterior order-q-subplane of P(S)
with exterior splash S ⊂ S and conic cover C. In [8], we showed that the conic cover C is
contained in a unique regular 2-spread (with transversal lines gC, g
q
C
, gq
2
C
) denoted SC. The
regular 2-spread SC gives rise to the Bruck-Bose plane P(SC) ∼= PG(2, q3). We consider
the representation of π (and its lines and special conics) in the Bruck-Bose plane P(SC).
Theorem 3.12 Let π be an exterior order-q-subplane in P(S) ∼= PG(2, q3) with exterior
splash S, conic cover C, and tangent cover T. The points of [π] correspond to a set of
points π′ in the Desarguesian plane P(SC) satisfying:
1. π′ is an exterior order-q-subplane of P(SC),
2. the lines of π correspond exactly to the (π′, ℓ′
∞
)-special conics of π′,
3. the (π, ℓ∞)-special conics of π correspond exactly to the lines of π
′,
4. π′ has exterior splash C, conic cover S, and tangent cover T.
Proof Let π be an exterior order-q-subplane in PG(2, q3) with exterior splash S, conic
cover C and tangent cover T. Label the lines of π in PG(2, q3) by ℓ1, . . . , ℓq2+q+1, and
label the q2 + q + 1 (π, ℓ∞)-special conics in π by C1, . . . , Cq2+q+1. By Theorem 2.5, the
line ℓi corresponds to an S-special twisted cubic [ℓi] in a 3-space about a plane of S. By
Theorem 3.5, the (π, ℓ∞)-special conic Ci corresponds to a C-special twisted cubic in a
3-space about a plane of C. By Theorem 2.5, in the Desarguesian plane P(SC), π′ is a set
of q2 + q + 1 points, with lines C1, . . . , Cq2+q+1. As the points and (π, ℓ∞)-special conics
of π form a Desarguesian plane, π′ is an exterior order-q-subplane of P(SC). Further by
Theorem 3.6, π′ has (π′, ℓ′
∞
)-special conics ℓ1, . . . , ℓq2+q+1. Moreover in PG(6, q), π
′ has
exterior splash C, conic cover S, and tangent cover T. 
We relate this theorem to the nine quadrics that define [π] discussed above. In PG(6, q),
the sets [π], [π′] of Theorem 3.12 are equal, so the nine quadrics used to define [π] are
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the same as the nine quadrics used to define [π′]. This is consistent with Theorem 3.11
which shows that in PG(6, q3), the nine quadrics defining [π] all contain gS, g
q
S
, gq
2
S
and
gC, g
q
C
, gq
2
C
, and the roles of S and C are reversed in [π] and [π′] by Theorem 3.12.
In a similar way to Theorem 3.12, we can we consider the unique 2-spread ST (with
transversal lines gT, g
q
T
, gq
2
T
) containing the tangent cover T of π. In the Bruck-Bose plane
P(ST), consider the set of points π′′ corresponding to the points of [π]. Then π′′ is a set of
q2 + q + 1 points. To define ‘lines’ of π′′, we consider the pointsets in π′′ that correspond
to T-special twisted cubics. By Corollary 3.9, these ‘lines’ have at most three points. So
π′′ is not an order-q-subplane of P(ST).
4 Order-q-subplanes with a common splash
The article [7] briefly looked at order-q-subplanes that share a common splash. In particu-
lar, [7, Theorem 7.2] showed that two order-q-subplanes with a common splash either share
a common order-q-subline, or meet in at most three points. Further (see Theorem 2.3)
there are exactly two order-q-subplanes with a common exterior splash and a common
order-q-subline. In this section, we further the investigation of exterior order-q-subplanes
with a common splash.
Let π1, π2 be the two exterior order-q-subplanes with a common exterior splash S and
common order-q-subline b. In Section 4.1, we investigate the two families of order-q-
sublines in S in relation to π1 and π2. Further, we show that if π1 has conic cover C and
tangent cover T, then π2 has conic cover T and tangent cover C. In Section 4.2, we give a
relationship between the (π1, ℓ∞)-special conics of π1 and the (π2, ℓ∞)-special conics of π2.
In Section 4.3, we start with an exterior splash S and appropriate order-q-subline b, and
give a geometric construction in the PG(6, q) setting of the two order-q-subplanes that
share S and b. Note that this is analogous to the construction in [6] which gives a similar
construction in the case of an order-q-subplane tangent to ℓ∞ with a fixed tangent splash
on ℓ∞.
4.1 Order-q-sublines in a common splash
By [19], an exterior splash S of ℓ∞ in PG(2, q
3) contains 2(q2+q+1) order-q-sublines that
lie in two distinct families of size q2+q+1. If π is an order-q-subplane with exterior splash
S, then the two families of S are characterised in relation to π in [7, Theorem 5.2]. If P is
a point of π, then the lines of π through P meet S in an order-q-subline called a π-pencil-
subline of S. The other family of order-q-sublines of S can be constructed from “special”
dual conics in π and these order-q-sublines are called π-dual-conic-sublines of S. Note also
that by [7, Theorem 5.3], there is some other exterior order-q-subplane π′ with common
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exterior splash S for which the π-pencil-sublines of S are the π′-dual-conic-sublines of S.
That is, the classification of the two families depends on the associated order-q-subplane.
In this section we improve this result by finding the relationship between the two order-
q-subplanes π, π′. We show that the two order-q-subplanes with common exterior splash
S and sharing an order-q-subline b (which exist by Theorem 2.3) interchange the roles of
the two families of order-q-sublines of S.
Theorem 4.1 Let π1, π2 be the two exterior order-q-subplanes of PG(2, q
3) with common
exterior splash S and a common order-q-subline b. Then the π1-pencil-sublines of S are the
π2-dual-conic-sublines of S (and the π1-dual-conic-sublines of S are the π2-pencil-sublines
of S).
Proof By Theorem 2.1, we can without loss of generality assume one of the order-q-
subplanes is B. Recall that in PG(2, q3), we construct B from π0 = PG(2, q) by applying
the homography of Theorem 2.2 with matrix K. We construct a second order-q-subplane
using the homography ψ of PG(2, q3) with matrix K ′ = HK, where
H =


0 1 0
1 0 0
0 0 1

 , and so K ′ =


−τ q 1 0
−τ 1 0
ττ q −τ − τ q 1

 .
The collineation ψ maps π0 to an order-q-subplane π. Further B and π have the same ex-
terior splash S on ℓ∞. Also note that both B and π share the order-q-subline {K(0, y, z)
t :
y, z ∈ Fq}. Finally the point with coordinates K(1, 0, 0)t = (−τ,−τ q , ττ q)t lies in B but
not in π, so B 6= π.
Note that the homography ζ with matrix H interchanges B and π. Further, by the proof
of [7, Theorem 5.3], ζ fixes S and interchanges the two families of order-q-sublines of S.
Hence the B-pencil-sublines of S are the π-dual-conic-sublines of S, and conversely. 
We now show that if π1, π2 are the two distinct exterior order-q-subplanes with common
exterior splash and common order-q-subline, then the roles of the conic cover and tangent
cover are interchanged for π1 and π2.
Theorem 4.2 Let π1, π2 be the two exterior order-q-subplanes of PG(2, q
3) with a com-
mon exterior splash S and containing a common order-q-subline b. Then the conic cover
of π1 is the tangent cover of π2 (and conversely, the tangent cover of π1 is the conic cover
of π2).
Proof By Theorem 2.1, we can without loss of generality prove this for the two order-q-
subplanes B, π used in the proof of Theorem 4.1. Label the conic cover and tangent cover
of B by CB and TB respectively, and the conic cover and tangent cover of π by Cπ and
Tπ respectively.
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By [8, Theorem 2.2], we can without loss of generality prove the result for the point
P = (0, 0, 1), which lies in the common order-q-subline {K(0, y, z)t : y, z ∈ Fq} of B and
π. The tangent plane TP at P = (0, 0, 1) is defined in [8, Theorem 4.2], it is a plane in
PG(6, q) through P that meets Σ∞ in a line ℓ = TP ∩ Σ∞ lying in a cover plane α of
the tangent cover TB of B. By [8, Theorem 7.2], the line ℓ lies in a unique 2-regulus of
S which corresponds to an order-q-subline d of S ⊂ ℓ∞ in PG(2, q3). Further, d is the
B-pencil-subline of S arising from the intersection of the lines of B through P with ℓ∞.
Now consider the homography ζ with matrix H defined in the proof of Theorem 4.1. As ζ
interchanges the two families of order-q-sublines of S, d′ = ζ(d) is a B-dual-conic-subline
of S. Hence by [8, Theorem 7.2], in PG(6, q), [ζ ] maps the cover plane α of TB to a cover
plane β of CB. Further, by Theorem 4.1, d
′ = ζ(d) is a π-pencil-subline of S. Note that ζ
fixes P , so d′ is the order-q-subline arising from the intersection of the lines of π through
P with ℓ∞. Hence by [8, Theorem 7.2], β is a plane of the tangent cover Tπ of π. That
is, CB = Tπ, as required. 
4.2 Special conics of the two subplanes
Let π1, π2 be the two exterior order-q-subplanes of PG(2, q
3) with common exterior splash
S, and a common order-q-subline b (recall these exist by Theorem 2.3). There is no obvious
relationship between the order-q-sublines of π1 and the order-q-sublines of π2, although we
can pair them up by matching order-q-sublines from each subplane that share a common
point of S. However, there is a nice geometric relationship between certain special conics
of π1 and π2. In particular, there are q + 1 conics in PG(2, q
3) that meet both π1 and π2
in special conics.
Theorem 4.3 Let π1, π2 be the two exterior order-q-subplanes with common exterior
splash and a common order-q-subline b. Let C be a (π1, ℓ∞)-special conic of π1 that is
tangent to b. Then the extension of C to PG(2, q3) meets π2 in a (π2, ℓ∞)-special conic.
Proof Let π1, π2 be two exterior order-q-subplanes with common exterior splash S and
order-q-subline b (these exist by Theorem 2.3). Let S have carriers E1, E2, and third
conjugate point E3. For each point Pi ∈ b, i = 1, . . . , q + 1, there is a unique conic Ci of
PG(2, q3) that contains E1, E2, E3 and Pi, and is tangent to b at the point Pi. The conic Ci
meets the order-q-subplane π1 (respectively π2) in a conic that contains Pi, is tangent to b
at Pi, and contains E1, E2, E3 (in the extension to PG(2, q
3)). Hence for i = 1, . . . , q + 1,
Ci ∩ π1 is a (π1, ℓ∞)-special conic of π1, and Ci ∩ π2 is a (π2, ℓ∞)-special conic of π2. 
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4.3 Construction of two subplanes in PG(6, q)
In PG(2, q3), let S be an exterior splash of ℓ∞, and let b be an exterior order-q-subline
whose extension to PG(2, q3) meets S. By Theorem 2.3, there are exactly two distinct
exterior order-q-subplanes π1, π2 with exterior splash S containing b. We now give a
geometric construction in the PG(6, q) setting of these two order-q-subplanes π1, π2. Note
that by Theorem 4.2, one of the covers of S acts as the conic cover for π1, and the other
cover of S acts as the conic cover for π2. The next construction uses each set of cover
planes of S to construct one of the order-q-subplanes containing b with exterior splash S.
Construction 1 In PG(2, q3), q ≥ 3, let S be an exterior splash of ℓ∞, let ℓ be a line
through a point L of S, and let b = {P1, . . . , Pq+1} be an order-q-subline of ℓ that is
exterior to ℓ∞. Let X,Y be the two covers of S. In PG(6, q), for i, j ∈ {1, . . . , q + 1}, let
1. Lij = PiPj ∩ [L], i 6= j,
2. Lii = mi ∩ [L], where mi is the unique tangent to the S-special twisted cubic [b] at
the point Pi,
3. αij be the unique cover plane of the cover X through the point Lij,
βij be the unique cover plane of the cover Y through the point Lij,
4. Σij = 〈αij, Pi〉, Γij = 〈βij , Pi〉.
Then the two exterior order-q-subplanes π1, π2 with common exterior splash S and order-
q-subline b are constructed as follows.
I. [π1] consists of the points Σij ∩ Σkl for i, j, k, l ∈ {1, . . . , q + 1}, {i, j} 6= {k, l}.
II. [π2] consists of the points Γij ∩ Γkl for i, j, k, l ∈ {1, . . . , q + 1}, {i, j} 6= {k, l}.
Proof Let π1, π2 be the two order-q-subplanes with exterior splash S containing b (which
exist by Theorem 2.3). By Theorem 4.2, one of the covers, X say, acts as the conic cover
for π1, and the other cover Y acts as the conic cover for π2. We prove the construction
for [π1], and [π2] is similar. Note that the q + 1 +
(
q+1
2
)
points Lij , 1 ≤ i ≤ j ≤ q + 1,
are distinct by [17, 21.1.9]. Hence the q + 1 +
(
q+1
2
)
3-spaces Σij , 1 ≤ i ≤ j ≤ q + 1, are
distinct.
We first show that each 3-space Σij meets [π1] in a set of points that corresponds to a
(π1, ℓ∞)-special conic. Fix i, and let j ∈ {1, . . . , q + 1}, and firstly suppose j 6= i. In
PG(2, q3), the two points Pi, Pj of b lie in a unique (π1, ℓ∞)-special conic of π1, denoted
Cij . In PG(6, q), [Cij ] is an X-special twisted cubic in a 3-space Πij that contains the
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line PiPj , and a plane of X (the conic cover of π1), so Πij contains the plane αij , that is,
Πij = Σij . Now consider the case j = i. For each point Pi ∈ b ⊂ PG(2, q3), there is a
unique (π1, ℓ∞)-special conic Ci of π1 that is tangent to b at the point Pi. In PG(6, q), [Ci]
is an X-special twisted cubic in a 3-space Πi about a plane of X. By Theorem 3.10, the
line PiLii is in the 3-space Πi, hence Πi = Σii. Hence for each i, j, Σij meets [π1] in a set
of points that corresponds to a (π1, ℓ∞)-special conic which contains one or two points of
b.
We now show that every point in π1 lies on at least two (π1, ℓ∞)-special conics that meet
b. This is clearly true for each point Pi ∈ b. Let P be a point of π1\b. For each point
Pi ∈ b, there is a unique (π1, ℓ∞)-special conic through P and Pi. These special conics are
not necessarily distinct, but there are at least (q+1)/2 distinct ones. As q ≥ 3, the point
P lies on at least two (π1, ℓ∞)-special conics that meet b. Hence in PG(6, q), the point P
lies in at least two of the 3-spaces Σij . Note that the Σij pairwise meet in a point, hence
by determining all the intersections Σij ∩ Σkl, we construct all the points of π1. 
We note that there does not appear to be a corresponding construction in PG(2, q3), as
it is difficult to distinguish between the points of π1 and π2. With the aim of producing a
simpler construction of the exterior order-q-subplane, we very briefly discuss another way
of characterising the order-q-subplanes in PG(6, q). This time we work in the quadratic
extension PG(6, q2) of PG(6, q), so that we can use the chords of a twisted cubic (see [17]).
For a point P ∈ PG(6, q2), let P σ denote the conjugate of P arising from the Frobenius
automorphism σ(x) = xq in GF(q2). Let N be a twisted cubic in a 3-space Σ. There are
three types of chords of N in Σ: real chords PQ for P,Q ∈ N , P 6= Q; imaginary chords
PP σ for P ∈ N ∗\N ; and one tangent chord for each P ∈ N . Note that every point of Σ
lies on a unique chord of N , see [17].
Let b be an exterior order-q-subline of PG(2, q3), so by Theorem 2.5, N = [b] is an S-
special twisted cubic in a 3-space about a plane α ∈ S. We can uniquely label the points
of the plane α using the q2+ q+1 pairs denoted (P,Q), (P, P σ), (P, b) as follows. A point
R ∈ α lies on a unique chord of N . We label R by the pair: (P,Q) if R lies on the real
chord PQ of N ; (P, P σ) if R lies on the imaginary chord PP σ of N ; and (P, b) if R lies
on the tangent b to N through P . Hence if π is an order-q-subplane of PG(2, q3) with
exterior splash S, then we have a unique labelling in PG(6, q) for each point in each plane
of S.
We consider the interpretation of this pair labelling in planes of the covers C and T of π.
The interpretation in planes of the conic cover C is straightforward: Let β ∈ C, then by
the results of Section 3.2, there is a unique (π, ℓ∞)-special conic C in π corresponding to
β. The points in β are labelled by pairs as follows. 1. Pairs (P,Q) for P,Q ∈ C. 2. Pairs
(P, P σ) for points P ∈ C∗\C. 3. Pairs (P, ℓ) for P ∈ C and ℓ a line of π through P . Note
that Theorem 3.10 ensures that the labelling in 3 works. The interpretation in planes of
the tangent cover T is more difficult, and we leave this as an open question.
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5 Intersection of two exterior splashes
In this section we investigate the intersection of two exterior splashes. First recall from
Section 4.1 that an exterior splash S of ℓ∞ in PG(2, q
3) contains 2(q2 + q + 1) order-
q-sublines that lie in two distinct families of size q2 + q + 1. Note that two distinct
order-q-sublines in the same family meet in exactly one point, and order-q-sublines in
different families meet in 0,1 or 2 points.
Ferret and Storme [16, Lemma 2.3] showed that two exterior splashes meet in at most
2q+2 points. Lavrauw and Van de Voorde [19, Remark 24] show that this bound is tight
by exhibiting an example of two exterior splashes who intersection has size 2q + 2, this
intersection consists of two disjoint order-q-sublines, one from each family.
In this section, we show in Theorem 5.2 that two exterior splashes cannot meet in two
order-q-sublines of the same family. Then in Theorem 5.3, we characterise the maximal
intersection of two exterior splashes by showing that if the intersection has size 2q + 2,
then it consists of two disjoint order-q-sublines, one from each family.
We need the next lemma which follows from [8, Theorem 7.2].
Lemma 5.1 Let R be a 2-regulus contained in an exterior splash S.
1. Each of the q2 + q + 1 ruling lines of R lie in a unique cover plane of S, further
these q2 + q + 1 cover planes are in the same cover of S.
2. Each line in a cover plane of S is the ruling line for one 2-regulus contained in
S. Further, the q2 + q + 1 2-reguli constructed from the lines in one cover plane
correspond to the q2 + q + 1 order-q-sublines in one family of S.
3. Let ℓ,m be ruling lines for distinct 2-reguli contained S. If ℓ and m meet, then 〈ℓ,m〉
is a cover plane of S.
Theorem 5.2 Let S be an exterior splash of ℓ∞ in PG(2, q
3), and let b1, b2 be order-q-
sublines of S that belong to the same family. If S′ is any exterior splash containing b1 and
b2, then S
′ = S.
Proof Let b1 and b2 be distinct order-q-sublines of S in the same family, so b1 and b2
meet in a unique point P . By Theorem 2.5, in PG(6, q), [b1], [b2] are 2-reguli contained in
the regular 2-spread S. Let Q be any point of the spread plane [P ], then there is a ruling
line t of [b1] through Q, and a ruling line u of [b2] through Q. By Lemma 5.1, 〈t, u〉 is a
cover plane of S. Hence the planes of the regular 2-spread S that meet 〈t, u〉 are exactly
the planes of S, that is, S is completely determined. 
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Theorem 5.3 If two exterior splashes of ℓ∞ in PG(2, q
3) meet in 2q + 2 points, then
these points correspond to two disjoint order-q-sublines, one from each family.
Proof We work in PG(6, q), so let S1, S2 be two exterior splashes of the regular 2-spread
S, and suppose that S1, S2 meet in 2q + 2 planes. By Theorem 2.5, we need to show that
S1∩ S2 consists of two disjoint 2-reguli. We first show that S1∩ S2 contains a 2-regulus.
Let γ be a plane in S1∩ S2 and P a point in γ. Let α be a cover plane of S1 through P ,
and let β be a cover plane of S2 through P . We consider two cases.
1. Suppose α∩β is a line. By Lemma 5.1, each line of α (respectively β) is a ruling line
of a distinct 2-regulus of S, and this 2-regulus is contained in S1 (respectively S2).
So the line α ∩ β is the ruling line of a 2-regulus contained in S1 ∩ S2, as required.
2. Suppose that α, β do not meet in a line, so α ∩ β = P . We consider two sub-cases.
(a) Firstly suppose some line ℓ of α through P meets at least three planes of
(S1∩S2)\{γ}. By Lemma 5.1, the line ℓ is a ruling line of a unique 2-regulusR ⊂
S1. Hence the 3-space Π = 〈ℓ, β〉 meets at least three planes of (S1∩ S2)\{γ}
in lines. Hence by [19, Lemma 7], Π meets all the planes in R in lines. Thus
β meets all the planes in R, and so R also lies in S2. So in this case, S1∩ S2
contains the 2-regulus R.
(b) For the second case, we suppose that each line of α through P meets at most
two of the planes in (S1∩ S2)\{γ}. As |(S1∩ S2)\{γ}| = 2q + 1, q of the lines
in α through P meet two planes of (S1∩ S2)\{γ}, and the remaining line of
α through P meets one plane. A counting argument shows that the 4-space
〈α, β〉 contains exactly one plane δ of the regular 2-spread S, and meets the
remaining q3 planes of S in a line. That is, α, β, δ all lie in the 4-space 〈α, β〉,
δ is a plane of S, and α, β are cover planes of an exterior splash contained in
S. Hence it follows that δ meets both α and β in points. As δ ∩ α is a point,
δ ∈ S1. Similarly, δ ∈ S2, so δ ∈ S1∩ S2.
We now show that the point P = α ∩ β lies in δ. Suppose not, that is, P /∈ δ.
Now one line of α through P contains the point δ ∩α, and (by the assumption
above) q lines of α through P meet two planes of (S1∩S2)\{γ}. So let ℓ be a line
of α through P , not through δ∩α, that meets two planes γ1, γ2 of (S1∩S2)\{γ}
in the points G1, G2 respectively. Hence the 3-space Π = 〈ℓ, β〉 meets γ1 and γ2
in lines. Further, both δ and Π lie in the 4-space 〈α, β〉, so Π meets δ in a line.
That is, Π meets three planes γ1, γ2, δ of (S1∩ S2)\{γ} in lines. These three
lines lie in a unique 1-regulus R′ of Π. So Π∩α contains the three non-collinear
points G1, G2, and δ ∩ α. Hence α ⊂ Π, contradicting α ∩ β being exactly the
point P . Hence the point P lies in δ, and so δ = γ. So Π meets the three
planes γ1, γ2, γ of S1∩S2 in lines, and these three lines lie in a unique 1-regulus
R
′ of Π. So R′ lies in the 2-regulus R defined by γ1, γ2, γ. As ℓ meets each line
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of R′, ℓ is a ruling line of R and so R ⊂ S1. Moreover, as R′ = R∩Π, β meets
each plane of R, and so R ⊂ S2. That is, R is a 2-regulus in S1∩ S2.
So we have shown that S1∩ S2 contains a 2-regulus R. Let ℓ be a ruling line of the
2-regulus R. Then by Lemma 5.1, there is a unique cover plane α1 of S1 through ℓ, and a
unique cover plane α2 of S2 through ℓ. So α1 meets S1∩S2\R in q+1 points of α1\ℓ, and
similarly for α2. So the 3-space 〈α1, α2〉 meets S1∩ S2\R in q + 1 lines. By [19, Lemma
10], these q + 1 lines form a 1-regulus we denote R1. Let m be a transversal line of R1,
Then m meets q + 1 planes of S1∩ S2\R. Now m is the ruling line of a unique 2-regulus
R′ which is contained in both S1 and S2, hence R′ = S1∩ S2\R. So in PG(6, q), S1∩ S2
contains two disjoint 2-reguli R,R′. Hence, by Theorem 2.5, in PG(2, q3), S1∩S2 contains
two disjoint order-q-sublines. As the order-q-sublines are disjoint, they belong to different
families. 
Corollary 5.4 Let S1, S2 be two exterior splashes of PG(6, q) that meet in 2q+2 planes.
Then each cover plane in the cover X of Si meets S1∩ S2 in a set of 2q + 2 points that
form a line and an X-special conic.
Proof We continue from the end of the proof of Theorem 5.3, using the same notation
as in the last paragraph of the proof. In particular, the 3-space denoted 〈α1, α2〉 meets
S1 ∩ S2 in a 1-regulus R1; and R1 meets α1\ℓ in q + 1 points. As a 1-regulus meets a
plane in either two lines, or in an irreducible conic, R1 meets α1 in an irreducible conic C
exterior to ℓ. The points of C lie in q + 1 distinct planes of S1 ∩ S2, namely the planes of
the 2-regulus denoted R′ above. Hence by [8, Theorems 7.2, 7.3] C is an X-special conic,
where X is the cover of S that contains α1. So S1∩ S2 meets α1 in the line ℓ and an X-
special conic. A similar result holds for the plane α2. Moreover, this situation generalises
to any cover plane of Si. 
6 Conclusion
This article completes our investigation of exterior order-q-subplanes of PG(2, q3) begun
in [7, 8]. We note that the proofs in this article are a mix of geometric arguments and
coordinate based arguments. It would be nice to exploit the underlying geometry of the
structure to prove more results using a geometric argument.
A recurrent theme of the results on exterior order-q-subplanes is that the conics and
twisted cubics of greatest interest are “special”. To summarise, we have for a fixed
exterior splash S with conic cover C and tangent cover T:
• C-special conics in a plane of C (and T-special conics in a plane of T) correspond
to order-q-sublines of S (in different families).
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• S-special twisted cubics correspond to lines of an associated order-q-subplane.
• C-special twisted cubics (and T-special twisted cubics) correspond to special conics
in some associated order-q-subplane.
Each result has been proved individually, however, it would be interesting to have a
unifying theory to explain these relationships. We note that Theorem 3.11 (where we
show that the nine quadrics defining [π] in PG(6, q) all contain the transversals gS and
gC) goes someway towards understanding this.
References
[1] J. Andre´. U¨ber nicht-Desarguessche Ebenen mit transitiver Translationgruppe.
Math. Z., 60 (1954) 156–186.
[2] W. Bosma, J. Cannon, and C. Playoust. The Magma algebra system. I. The user
language, J. Symbolic Comput., 24 (1997), 235265.
[3] R.D. Baker, J.M.N. Brown, G.L. Ebert, J.C. Fisher. Projective bundles.
Bull. Belg. Math. Soc, 3 (1994) 329–336.
[4] S.G. Barwick and W.-A. Jackson. Sublines and subplanes of PG(2, q3) in the Bruck-
Bose representation in PG(6, q). Finite Fields Appl., 18 (2012) 93–107.
[5] S.G. Barwick and W.-A. Jackson. A characterisation of tangent subplanes of
PG(2, q3). Designs Codes, Cryptogr. 71 (2014) 541–545.
[6] S.G. Barwick and W.-A. Jackson. An investigation of the tangent splash of a sub-
plane of PG(2, q3). Designs Codes, Cryptogr. 2014, (DOI) 10.1007/s10623-014-9971-
3.
[7] S.G. Barwick and W.-A. Jackson. Exterior splashes and linear sets of rank 3.
http://arxiv.org/abs/1404.1641.
[8] S.G. Barwick and W.-A. Jackson. The exterior splash in PG(6, q): Transversals.
http://arxiv.org/abs/1409.6794.
[9] S.G. Barwick and W.-A. Jackson. Hyper-reguli in PG(5, q).
http://arxiv.org/abs/1409.6795.
[10] R.H. Bruck. Construction problems of finite projective planes. Conference on Com-
binatorial Mathematics and its Applications, University of North Carolina Press,
(1969) 426–514.
24
[11] R.H. Bruck. Circle geometry in higher dimensions. A Survey of Combinatorial The-
ory, eds. J. N. Srivastava, et al, Amsterdam (1973) 69–77.
[12] R.H. Bruck. Circle geometry in higher dimensions II. Geom. Dedicata 2 (1973) 133–
188.
[13] R.H. Bruck and R.C. Bose. The construction of translation planes from projective
spaces. J. Algebra, 1 (1964) 85–102.
[14] R.H. Bruck and R.C. Bose. Linear representations of projective planes in projective
spaces. J. Algebra, 4 (1966) 117-172.
[15] C. Culbert and G.L. Ebert. Circle Geometry and three-dimensional subregular
translation planes. Innov. Incidence Geom., 1 (2005) 3–18.
[16] S. Ferret and L. Storme. Results on maximal partial spreads in PG(3, p3) and on
related minihypers. Des. Codes Cryptogr., 29 (2003) 105–122.
[17] J.W.P. Hirschfeld. Finite Projective Spaces of Three Dimensions. Oxford University
Press, 1985.
[18] J.W.P. Hirschfeld and J.A. Thas. General Galois Geometries. Oxford University
Press, 1991.
[19] M. Lavrauw and G. Van de Voorde. On linear sets on a projective line. Des. Codes
Cryptogr., 56 (2010) 89–104.
[20] M. Lavrauw and C. Zanella. Subgeometries and linear sets on a projective line
http://arxiv.org/abs/1403.5754.
[21] T.G. Ostrom. Hyper-reguli. J. Geom., 48 (1993) 157–166.
[22] R. Pomareda. Hyper-reguli in projective space of dimension 5, Mostly Finite Ge-
ometries (1996), Lecture Notes in Pure and Appl. Math., 190 (1997) 379–381.
25
